ON REAL ANALYTIC BANACH MANIFOLDS 

Imre Patyi and Scott Bradford Simon* 

ABSTRACT. Let X be a real Banach space with an unconditional basis 
(e.g., X = £2 Hilbert space), Q C X open, M C O a closed split real analytic 
Banach submanifold of O, i? — > M a real analytic Banach vector bundle, and 
— > M the sheaf of germs of real analytic sections oi E ^ M. We show 
that the sheaf cohomology groups H'^{M, A^) vanish for all q > 1, and there 
is a real analytic retraction r : U M from an open set U with M G U G Q 
such that r{x) = x for all x G M. Some applications are also given, e.g., 
we show that any infinite dimensional real analytic Hilbert submanifold of 
separable affine or projective Hilbert space is real analytically parallelizable. 
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1. INTRODUCTION. 

Many of the classical manifolds that occur in mathematics are real an- 
alytic manifolds, not just C°°-smooth manifolds. A natural question over 
a real analytic manifold is the existence and abundance of global real ana- 
lytic functions and real analytic sections of real analytic vector bundles. It 
is natural to expect and quite well-known that real analytic functions and 
real analytic manifolds are intimately related to holomorphic functions and 
complex manifolds. 

In the 1950s a powerful theory of complex manifolds, called Stein theory, 
was developed, which to a large degree answers the question of existence and 
abundance of global holomorphic functions and holomorphic sections of hol- 
omorphic vector bundles over Stein manifolds, i.e., over closed submanifolds 
of complex Euclidean spaces. Among the first applications of this Stein 
theory was a study of the question of existence and abundance of global real 
analytic functions and real analytic sections of real analytic vector bundles 
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over real analytic manifolds. This was done in two phases. First for real 
analytic submanifolds of Euclidean spaces, then for arbitrary abstract real 
analytic manifolds. There seem to be two classical routes to the problem 
of existence and abundance over a real analytic manifold. The first one is 
based on complexification and application of results from the theory of Stein 
manifolds. The second one relies on the Malgrange approximation theorem, 
and draws on techniques from analysis that cannot currently be matched in 
infinite dimensions. 

Here we follow the method of complexification and apply some results 
from an emerging theory of complex Banach submanifolds of Banach spaces 
mainly developed by Lempert and some of his students. Our main point is 
Theorem 1.1 below. 

Theorem 1.1. Let X be a real Banach space with an unconditional basis 

(e.g., X = £2 Hilbert space), fl G X open, M G fl a closed split real analytic 
Banach submanifold of Vt, E ^ M a real analytic Banach vector bundle 
with a Banach space Z for fiber type, and M the sheaf of germs of 

real analytic sections of E ^ M . Then the following hold. 

(a) There is a real analytic map r : a; — > M from an open set ui with 
M C a; C f2 such that r{x) = x for all x e M; i.e., M is a real analytic 
neighborhood retract in Q. 

(b) The sheaf cohomology groups H'^{M, A^) vanish for all q > 1. 

(c) If E ^ M is topologically trivial, then E ^ M is real analytically 
trivial. 

(d) // Z is isomorphic to the Hilbert space £2 or M is contractible, then 
E ^ M is real analytically trivial. 

(e) For 1 < p < 00 let Zi = £p{Z) = {z = (zn) : Zn G Z, \\z\\ — 
(Er=i IknF)^/^ < 00}. The Banach vector bundle E ® {M x Zi) ^ M is 
real analytically isomorphic to the trivial bundle M x Zi. 

Some applications of Theorem 1.1 are also given in §§ 5-7. 

2. BACKGROUND. 

In this section we collect some definitions and theorems that are useful 
for this paper. Some good sources of information on complex analysis on 
Banach spaces are [D, M, LI]. 

Put Bx{xQ,r) = {x E X : \\x — Xo\\ < r} for the open ball with center 
xq E X and radius < r < cxd in any real or complex Banach space {X, || • ||), 
and let Bx{r) = Bx{0,r). 

A complex Banach manifold M modelled on a complex Banach space X is 
a paracompact Hausdorff space M with an atlas of biholomorphically related 
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charts onto open subsets of X. A subset N G M is called a closed complex 
Banach submanifold of M if A?" is a closed subset of M and for each point 
xq & N there are an open neighborhood U of xq in M and a biholomorphic 
map (f> : U Bx{l) onto the unit ball of X that maps the pair 

{U,U nN) to a pair {Bx{l), Bx{l)r\Y) for a closed complex linear subspace 
Y of X. The submanifold N is called a split or direct Banach submanifold 
of M if at each point xq E N the corresponding subspace Y has a direct 
complement in X. A maximally real submanifold N' of a complex manifold 
M is a real submanifold such that the holomorphic tangent space T^'^M 
is the complexification of T^^N' for every x G A^'. Equivalently, there is 
an atlas (Ua) on M mapping each Ua H N' to a real subspace of X whose 
complexification is X. 

We call a map f : U V from an open subset of a real Banach space 
onto an open subset of a real Banach space bi-real analytic or a real analytic 
diffeomorphism with real analytic inverse if both / and its inverse : V ^ U 
are real analytic. A real analytic Banach manifold M modelled on a real 
Banach space X is a paracompact Hausdorfi^ space M with an atlas of bi- 
real analytically related charts onto open subsets of X. A subset C M is 
called a closed real analytic Banach submanifold of M if is a closed subset 
of M and for each point xq E N there are an open neighborhood U of xq in 
M and a bi-real analytic map if : U ^ -^x(l) onto the unit ball Bx{l) of X 
that maps the pair {U, U (IN) to a pair (Sx(l), Bx{l) n Y) for a closed real 
linear subspace y of X. The submanifold N is called a split or direct Banach 
submanifold of M if at each point xq e N the corresponding subspace Y has 
a direct complement in X. 

We call a subset ^ of a complex Banach space X endowed with a complex 
conjugation X X , x ^-^ x, symmetric with respect to complex conjugation if 
X E S for all X E S. For complex Banach spaces Z, Z' denote by Hom(Z, Z') 
the Banach space of all bounded complex linear operators A : Z ^ Z' 
endowed with the operator norm. Write End(Z) for Hom(Z, Z) and GL{Z) 
for the group of invertible elements of the Banach algebra End(Z); GL(Z) is 
a Banach Lie group with a Banach Lie algebra End(Z). If Z has a complex 
conjugation, then End(Z) can also be endowed with the induced complex 
conjugation defined hy A A, Az = Az. Then AB = AB for A,Be 
End(Z), and A e End(Z) is invertible if and only if A is. 

We denote the spaces or sheaves of all holomorphic functions or sections 
by O, real analytic ones by A, and continuous ones by C. 

The following theorem about complex Banach manifolds will come in 
handy. 

Theorem 2.1. Let X be a complex Banach space with a complex conjuga- 
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tion, C X pseudoconvex open, and M C Q a closed split complex Banach 
submanifold of Q. Suppose that X has an unconditional basis, and M is 
symmetric with respect to complex conjugation. Then the following hold. 

(a) There are a pseudoconvex open set co G X and a holomorphic map 
r : u) ^ M such that M G u G fl, to is symm,etric with respect to complex 
conjugation, r{x) — r{x) for all x G u, and r{x) = x for all x G M ; i.e., 
M admits a real-type holomorphic retraction r from one of its pseudoconvex 
open neighborhoods uj. 

(b) Let Z be a complex Banach space with a complex conjugation, G = 
GL{Z) endowed with the com,plex conjugation induced from that of Z , 11 an 
open covering of Vl, and {guv) £ O*^) a holomorphic cocycle. If O and 
all members U of ii are symmetric with respect to complex conjugation, there 
is a continuous cochain (cu) G C°(il, C*^) with cu{x)~^guv{x)cv{x) — 1 for 
all x G U nV, U,V G ii, and guv and cu are of real-type in the sense that 
guvi^) = guv{x) ciT^d cu{x) = cu{x), then there is a holomorphic cochain 
(du) G C" (il,C'^) such that du{x)-^guv{x)dv{x) = 1 for all x G U n V, 
and du(x) = du{x) for all x G U, U,V G ii. 

Proof. The analogs of (a) and (b) without special attention to complex- 
conjugation were proved in general in [LP] for (a) and [P3] for (b). The 
(otherwise fairly long and involved) proofs there admit straightforward mod- 
ifications to take into account complex conjugations, thereby proving Theo- 
rem 2.1. 

We shall also make use of the theorem below, whose formulation is cased 
by the following definition. Let M be a complex Banach manifold, E ^ M 
a holomorphic Banach vector bundle, E^''^ — > M the real analytic Banach 
vector bundle of (p, g)-forms with values in E over M for p, g > 0. Note that 
^p,o _> M is a holomorphic Banach vector bundle. Consider the real analytic 
Dolbeault groups (M, E) of M with coefficients in E for p, > defined 
as 

^P,, ^ Ker(a : C-(M, ig^''^) ^ C-(M, Ev^'i+^)) 

^^^^ ' ' Im(a : C^(M, EP^i-^) C^{M, Ep^i)) ' 

where Im = for g = 0. Wc say that the real analytic Dolbeault isomorphism 
holds overM if the real analytic Dolbeault groups H^''^{M, E) are canonically 

isomorphic to the sheaf cohomology groups Hi{M,0^''' ) in the usual way 
for p,q >0. 

Theorem 2.2. (S.B.Simon, [S]) (a) Let X be a real Banach space with an 
unconditional basis, and Q G X open. If U G X' is any open subset of the 

complexification X' of X with Q G U, then there is a pseudoconvex open 
Q' G X' with Vt — Vt' P[X and Vt' G U ; i.e., Q G X has a neighborhood basis 
consisting of pseudoconvex open subsets Q' of X' . 
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(b) Let X, Q be as in (a), and E ^ Q a real analytic Banach vector bundle. 
Then the sheaf cohomology groups H'^{Q, A^) of real analytic sections vanish 
for all q> 1. 

(c) If X is a complex Banach space with an unconditional basis, then the 
real analytic Dolbeault isomorphism holds over any open Vt d X. 

3. COMPLEXIFICATION. 

In this section we see how to complexify a closed real analytic Banach 
submanifold of an open subset of a Banach space, as well as an abstract real 
analytic Banach manifold. 

Proposition 3.1. Let Mj be real analytic, maximally real Banach submani- 

folds of complex Banach manifolds M[ for i = 1, 2. Suppose f : Mi M2 is 
bi-real analytic onto M2. Then f extends to a biholomorphic function from 
an open subset of M[ onto an open subset 0/M2. 

Proof. There is a locally finite atlas [Ui^aj 4'i,Q.) for where for each 
i^a there is a real Banach space X^ q, with complexification X'- ^ such that 
</'i,a : Ui^a X'- is a biholomorphism onto an open subset of X'^ ^ and 

Let g = f~^. After shrinking each Ui^a, we may assume that / extends 
holomorphically to a function fi^^c on each C/i^q, and likewise for g to g2,a 
on each U2.a- 

We will refine these covers so that the intersections are connected: for each 
X G Mi n Ui^a, choose Ui{x) C Ui^a open such that Ui{x) C [/i,/3 whenever 
X G Ui^p, and Ui{x) fl Ui^-y ^ if and only if x G C/i,^. Now take 

Vi,a = U U,ix). 

This forms a refinement of (?7i,a) whose intersections are connected, and each 
intersection intersects Mj as well. Note that this cover may no longer cover 

au of m;. 

Let Vi = Ua^i.a- uniqueness of holomorphic extension of real 

analytic functions (see [S, Proposition 6.1]) the functions /i^q, respectively 
g2,a agree on the overlaps, and thus define functions /i, respectively g2 on 
Vi, respectively V2. Let = Vi n 5(2(^2), and let W2 = fi{Wi). Observe 
that fi{Wi) C V2 and so (72 o fi and /i o g2 are the respective identity 
functions on Wi and W2 ■ Thus fi is a biholomorphism on Wi . The proof of 
Proposition 3.1 is complete. 

The next theorem states that it is possible to complexify abstract real 
analytic Banach manifolds. 
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Theorem 3.2. Let M be a real analytic Banach manifold. Then there is a 
complex manifold M' such that M is a maximally real submanifold of M' . 
Furthermore, if {Uct,4>a) is an atlas of M , there is an atlas (V^ji/^a) of M' 
whose restriction to M is a refinement of {Ua, (f>a)- 

Proof. Let {Ua, (pa) be a locally finite atlas for M, and let [Va) be a locally 
finite strict refinement, i.e., if / is the index set for (Ua) and J is the index 
set for (Va), then there is a map a : J ^ I such that Va C Uc^a- Let Xa be 
the target space for (pa- For each a, (3 E I, the map cpjja — (pp o (f)~^ is bi-real 
analytic where defined. 

Define Upa = (paiUa H Up) and likewise Vba = <Paa{Va n V^). Let K 
be the projection taking a complex vector to its real part, and let X'^ be 
the complexification of Xa- There is a neighborhood U'^^ C X'^ of Upa 
such that (pf3a extends biholomorphically to a function ip^a on U'^^ (see 
Proposition 3.1). Without loss of generality, we may assume that for ev- 
ery a,(3 E I, every component of U'^^ fl ipa/siU'^p) intersects Uap- Observe 
that ipafB o i^pa and ipap ° ipfB-y o ip-ya a^G both the identity where defined, by 
uniqueness of holomorphic extensions. Define Ui^p^ — U!^^ ^i^afsiUi^p ^U'^p) 
and Vcba = (paa{Va H H H V^). For each p e Va, define V^ip) C X'^^ to be a 
connected neighborhood of (paaip) such that 

(1) ?fiV;ip)CV^ip)n<P^aiVa), 

(2) V;{p) n iPaiV,:) ^ if and only if 

p E Vb (of which there are only finitely many), 

(3) if p e Fa n Vb, then V^{p) C U^baa, and 

(4) V^ip) n C/;^,a C C/;.a for aU /?, 7 G /. 

Note that since (paa{Va) n U'^p^^ C U'^^^ because of the local finiteness 
of the cover {U'^), (4) is possible to satisfy. Let 

vL = U K^p)- 

peVa 

By (1), the collection of sets (V^) is locally finite. We say that a; ~ j/ if 
X e V^ for some a and y E Vb for some b and ipabaai^) = Uj where ipaa is 
the identity. 

This is an equivalence relation: since ipap = fppai ^bis relation is symmet- 
ric. Clearly, it is reflexive. For transitivity, suppose x ~ y and y z. Then 
there are a, b, and c e J such that ipabaai^) = U and ipacabiu) = ^- We wish 
to show that x is in the domain of ipacaa and z is in its image. Transitivity 
will follow from the fact that ipacab°'4'abaa = ipacaa where they are all defined. 
This last is true on the real subspace, and therefore on the complexification. 
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Without loss of generality, x e V^{p) for some p e I4. Since il^abaai^) = y, 
we have that y G since i^acabiy) — we have that y e U'^^^j^. 

Therefore, x G ipaaah{U'„^„^ n t/^^^f,). By (4), we conclude x G t/^^aa- To 
show that z G U^^^^ we interchange the roles of x and 2 and the roles of a 
and c. Thus, transitivity is proved. 

Observe that ii x ^ Va,y ^ Vi,, then a; ~ y if and only if (j)~^(x) = (f)~l{y)- 

Thus, we can identify M with its image under modulo ~, and we can 
take 

aeJ 

We must check that M' is Hausdorff. Let p,q ^ M', and suppose every 
neighborhood of p intersects every neighborhood of q. Let x G be a rep- 
resentative of the equivalence class defined by p, and y E a, representative 
of the equivalence class defined by q. Choose p' G Va and q' G Vb such that 
X G V^{p') and y G V^q'). Then V^{p') n Vaaa6(V5'(9')) is nonempty, and 
therefore by (2) and (3), V^{p') C K,,^ and V^{q') C t/^^,,. 

This tells us that both x and i/^aaab{y) are in Uaa, and every neighborhood 
from each intersects the other. By the fact that the complexification X'^^ of 
is Hausdorff, wc can see that x = i^aaabiy)- It is easy to see that T^'^M' 
is the complexification of T^M for each a; G M, so M C M' is maximally 
real. The proof of Theorem 3.2 is complete. 

Theorem 3.3. Let M he a real analytic Banach manifold, N <Z M a closed 

real analytic Banach suhmanifold. Then there are a com,plex Banach man- 
ifold M' and N' C M' a closed complex Banach suhmanifold of M' such 
that M C M' and N <Z N' are maximally real. In particular, if X is a real 
Banach space with complexification X' and M d X is open, then we can take 
M' C X' open, and both M' and N' symmetric with respect to conjugation. 
Furthermore, if N is split, then so is N' . 

Proof. Let {Ua,4>a '■ — > X^) be a real analytic atlas on M such that 
(j>a{Ua r\ N) cYa, a subspacc of Xa. 

Let M' be the complexification of M as in Theorem 3.2. After a refine- 
ment, we can complexify {Ua,(t>a) to (C/^; V'a) from the same theorem. After 
shrinking M', we may assume that every chart intersects N. Let be the 
complexification of Y^ . Define 

N' = [ji^-\Y:,). 

We check that this definition agrees on overlaps of (U^), i.e., that n 
i^8\y8) = U'sn^-\Y^). C\voosexeKr\^-.\Y'). Then^^(a;)G^^(t/4n 
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Uj^)r\Yp. Define 0/3q, = o0^^. Since 0/3a|^a is bi-real analytic, it extends 
to a biholomorphic on a complex neighborhood V C ^il^aiU'^) of (j)a{Ua H 
Up) n Yq- Furthermore, (^/3a(^) C 1^. Let i/'a/j = ° (where defined) 
for each a,p. Observe that by uniqueness, V'/Jal^ = (f>/3a- Therefore, 

i^paK ■■ MK n u'p) n ^ MK n t/^) n 

is a biholomorphism. Thus ipa{x) = i^'p^i'^ pi'^)) £ therefore x e 

n V'a''^(^a)- The other inclusion is achieved by interchanging a and (3. 
Thus, N' is a complex submanifold with charts (C/^iV'a)- Since for every 
X & N r\Uoi-, T^'^N' is the complexification of T^N , N is maximally real in 
N' . If there is some real Banach space X such that M C X is open, then we 
may use [S, Proposition 6.1] instead of Theorem 3.2 to produce an M' C X' 
open. We then proceed as above. We can assume that M' is symmetric with 
respect to complex conjugation by intersecting it with its conjugate. If N' 
were not symmetric with respect to conjugation, then its conjugate would 
be another possible complexification of A^. But near N, this complexifiation 
is unique, as we have seen above. It is easy to see that A^' is split if is, 
and in fact its tangent space and complement are just the complexifications 
of the tangent and complement spaces of N. The proof of Theorem 3.3 is 
complete. 

We note that the complexification of real analytic finite dimensional para- 
compact Hausdorff manifolds was done in [WB, § 1] by Whitney and Bruhat, 
who conclude their paper by pointing out two further articles that achieve 
the same. 

Without details or proofs we remark the following. If a closed split real 
analytic Banach submanifold M of an open subset f2 of a real Banach space 
X admits a real analytic neighborhood retraction r : uj ^ M from an open 
neighborhood a; of M with M C w C then r can be used to construct a 
complexification of M. This is the case if X is a separable Hilbert space, or, 
more generally, if Q is a real analytic separable Hilbert manifold that admits 
a real analytic Hermitian metric. Indeed, then the tangent bundle TM has 
a natural real analytic complement in the restriction of TQ to M, namely, 
the orthogonal complement (or metric normal bundle) (TM)^. Hence a real 
analytic neighborhood retraction r : u ^ M can be constructed in the usual 
manner, and it goes under the name of the nearest point mapping. 

For very special Banach manifolds M the tangent bundle TM itself can 
serve as a complexification of M. This is the case when M is an affine Banach 
manifold, i.e., M admits an atlas of affinely related charts in the sense that 
the second derivatives of the transition functions are identically zero. For, 
in the total space TM of the tangent bundle of an affine Banach manifold 
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M we can define a complex structure in the same way as for M a Banach 
space, which then makes TM into an affine complex Banach manifold and a 
complexification of M. 

4. THE PROOF OF THEOREM 1.1. 

In this section we finish the proof of Theorem 1.1. 

To prove (a) about the existence of real analytic neighborhood retractions, 
let M' C n' C X' be a complexification of M C H C X as in Theorem 3.3. 
We may assume that both M' and Q' are symmetric with respect to complex 
conjugation, and by Theorem 2.2(a) we may further assume that Q' is pseu- 
doconvex, and M' C O' is closed in Q'. Theorem 2.1(a) yields a real- type 
holomorphic retraction r' : uj' ^ M' . Setting uj = uj' H X and r = r'|w, 
i.e, restricting to the real part, completes the proof Theorem 1.1(a) since if 
X E M C M', then r{x) = x E M, and if x & co, then x = x and r{x) = r{x) 
imply that r{x) e M' nX = M. 

To prove (b) about the acyclicity of for a real analytic Banach vector 
bundle E — M, we can reduce (b) to its special case M = a; by pulling back 
£^ by r of (a), which case in turn is a special case of Theorem 2.2(b). 

To prove (c) we reduce it to its special case M = uj <Z X open by a 
real analytic neighborhood retraction r : uj ^ M from (a). To prove (c) 
for M — CO open, let u' C X' be a symmetric complexification of u G X 
with u' pseudoconvex open so small that the real analytic Banach vector 
bundle E ^ uj has for its holomorphic form the holomorphic Banach vector 
bundle E' — > uj' considered by [S]. As the cocycle {guv) of E' is holomor- 
phic of real-type, and as E' — > uj' is continuously trivial, an application of 
Theorem 2.1(b) concludes the proof of Theorem 1.1(c) since the cocycle of 
E and E' over u) are both the same real guvi^) for ^ ^ U DV Pi X real, 
and the trivialization du{x) is real for x eU r\X real, du being of real-type. 
(Note in passing that, considering, e.g., a Mobius band over a circle, it is 
not enough to prove that the complexification £' (g) C of a vector bundle E is 
trivial in order to conclude that E is trivial; one needs to show that E ®£, 
has a trivialization of real type.) 

Part (d) is a special case of (c) on noting that £^ — > M is continuously 
trivial by Kuiper's theorem [K] stating that GL{l2) is contractible. 

Part (e) also follows from (c) since again £'©(MxZi) — > M is continuously 
trivial by [P3] . 

The proof of Theorem 1.1 is complete. 

5. REAL ANALYTIC DOLBEAULT ISOMORPHISM. 
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In this section we show that the real analytic Dolbeault isomorphism as 
in § 2 holds over certain complex Banach manifolds. 

Theorem 5.1. The real analytic Dolbeault isomorphism holds over a complex 
Banach manifold M if (a) or (b) below holds. 

(a) The sheaf cohomology groups H'^{M, A^) for real analytic sections 
vanish for any q > 1 and any real analytic Banach vector bundle E M . 

(b) Our M is bi-real analytic to a closed split real analytic Banach subman- 
ifold M' of an open subset Q of a real Banach space X with an unconditional 
basis. 

Proof. Part (a) follows from the formal de Rham theorem of sheaf theory 
applied to the usual real analytic 9-resolution of the sheaf (9^, where E ^ M 
is any holomorphic Banach vector bundle. Indeed, we only need to check that 
this resolution is locally exact, which follows from the local solvability of real 
analytic ^-equations proved in [LI], and that the sheaf cohomology groups 
H'^{M,A^ vanish for real analytic valued (O,p)-forms for allp > and 
q > 1, which in turn is true by our assumption. 

Part (b) follows from (a) since is acyclic over M (or M') by Theo- 
rem 1.1(b), completing the proof of Theorem 5.1. 

Note that if the condition of Theorem 5.1(a) holds over a real analytic 
Banach manifold M, then the real analytic de Rham theorem holds over M, 
i.e., the sheaf cohomology group ff^(M, R) is naturally isomorphic to the 
real analytic de Rham group H^^{M) of real analytic real qf-forms over M. 

Grauert's famous embedding theorem for finite dimensional real analytic 
manifolds (also proved for compact real analytic manifolds by Morrey) states 
that any finite dimensional real analytic manifold M can be properly real 
analytically embedded in finite dimensional Euclidean space, i.e., Theo- 
rem 5.1(b) applies with Q = X = with n > 1 large enough to any finite 
dimensional real analytic manifold M, and thus the real analytic Dolbeault 
isomorphism holds over M; a fact long known. While it seems unknown 
whether, say, all separable real analytic Hilbert manifolds can be real ana- 
lytically embedded in Hilbert space, there are many abstract real analytic 
Hilbert manifolds that can. Below are some examples. 

Proposition 5.2. (a) The projectivization P{(-2) of the separable complex 
Hilbert space I2 can he real analytically embedded as a closed (split) real 
analytic Hilbert submanifold of £2- 

(b) Let Ml be a compact smooth manifold, M2 a real analytic manifold, 
and L = C^{Mi, M2) the space of C^- smooth maps x : Mi M2. Then 
L can be real analytically embedded as a closed split real analytic Banach 
submanifold of the real Banach space C^{Mi, M"^) for n > 1 high enough. 
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Proof. To prove (a) let x = (a;n)^i e ^2 \ {0} be a point [x] in P{i2)- 
Two points x,x' G £2 represent the same point in P{(-2) if and only if there 
is a c G C \ {0} with x'^ = cx^ for all n > 1. Let y — {yki)'ki=i G -^2 be a 
point of £2- Defining / : ^(^2) (-2 by f{x) = y, where 

_ XkXi 
Ukl ■^00 I 1 2 

for /c, Z > 1, does the job. 

This / in essence is the same as the map that assigns to a point a; 7^ or 
to a line Ca; the orthogonal projector y = = -^jj^^ onto that line. 

To prove (b) it is enough to take a real analytic embedding i : M2 — > 
for some n > 1 and a real analytic retraction r : Q2 ^ *(-^2) from an open 
neighborhood ^2 of i{M2) in M"^, and compose i with the maps x G L to get a 
real analytic embedding I : L ^ C^(Mi, M"^), I{x) — io x. The composition 
map R : C^(Mi, O2) ^{L), R(x) = r o x, is a real analytic retraction from 
an open neighborhood C^{Mi, Q2) of I{L) to I{L), thus I{L) is a closed split 
real analytic Banach submanifold of C^{Mi, M"). 

The proof of Proposition 5.2 is complete. 

Note that in Theorem 5.2 and its proof the class can be replaced by the 
class for s = 1, 2, 3, . . . or by the Sobolev class f*^^ ^ positive integer 

large enough of maps with s classical continuous or L2-Sobolev derivatives. 

Theorem 5.3. (a) The real analytic Dolbeault isomorphism holds over any 
closed complex Hilbert submanifold of (any open subset of) the separable 
affine or projective complex Hilbert space. 

(b) Any infinite dimensional closed real analytic Hilbert submanifold M of 
(any open subset of) the separable affine or projective Hilbert space is real 
analytically parallelizable, i.e., its tangent bundle TM is real analytically 
trivial (and so are its associated tensor bundles, e.g., the cotangent bundle 
T*M, the bundles ApM, SpM of alternating or symmetric p-forms on M). 

(c) Let L be the loop space of all loops x : ^ Fi from the circle to 

(s) 

the complex projective line Pi of Sobolev class W2 , i.e., with s = 1, 2, . . . 
derivatives in L2, and endow L with its usual structure of complex Hilbert 
manifold. Then the smooth Dolbeault group iir^'^(L), the real analytic Dol- 
beault group i7^'^(L), and the sheaf cohomology group H^{L,0) are canon- 
ically isomorphic. In particular, for any d-closed f G C^i{L) there are a 
d- closed form g G Cqi{L) and a function h G C°°(L) with f = g + dh on 
L. 

Proof, (a) By Proposition 5.2(a) we may embed our Hilbert manifold in 
the affine space £2, and apply Theorem 5.1(b) to conclude the proof. 
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Part (b) follows from Theorem 1.1(d). 

Part (c) follows from Ning Zhang's Dolbeault isomorphism of iy^'^(L) 
and H^{L,0) together with our real analytic Dolbeault isomorphism The- 
orem 5.1(b) noting that L real analytically embeds into Hilbert space as a 
closed real analytic Hilbert submanifold by Proposition 5.2(b). 

6. SMOOTH FORMS REAL ANALYTIC OUTSIDE A BALL. 

In this section we give a partial generalization of Ligocka's form of a well- 
known theorem of Ehrenpreis on the ^-equation with compact support. 

Ehrenpreis [E, H] showed that if / is a 9-closed (p, q')-form on that is 
zero outside a ball, then the 9-equation du — f has a solution on C"^ (with 
compact support \i q = 1). Ligocka [Lg] generalized the above theorem to 
Banach spaces. In what follows we replace the support condition of van- 
ishing outside a ball by a condition on real analyticity outside a ball. See 
Theorem 6.1. 

Theorem 6.1. Let X he a complex Banach space with an unconditional basis 

and C°° -smooth cutojf functions (e.g., X = £2 or cq), f E C^^iX, Z), where 
P > 0, g > 1 and Z is any Banach space. If df = on X and f{x) is real 
analytic for \\x\\ > 1, then there is a u E C^g_i(X, Z) with du = f on X. 

Very little is known about the 9-equation, say, on a Hilbert space. It 
seems unknown, e.g., whether a C°°-smooth 9-equation is locally solvable 
on X = £2. On the positive side, the only results that seem to be known 
(especially for g > 2) are the theorems of Lempert in [LI] that derive from the 
projective space and impose a global growth rate, the theorem of Ehrenpreis 
and Ligocka, that real analytic 5-equations are globally solvable on X, and 
the intermediate result between the last two, expressed in Theorem 6.1. 

As we shall use the real analytic Dolbeault isomorphism as in Theo- 
rem 2.2(c), we study the sheaf cohomology groups H'^{X\B, O^) first, where 
5 C X is a closed ball, or in fact a certain closed convex set. 

Proposition 6.2. Let Y he a complex Banach space with an unconditional 
basis, A C a compact polydisc of nonempty interior, n > 3, F (Z 0{Y) 
nonempty, K={yeY : \f{y)\ < 1 for all f eF},L = AxK, X = C'xY, 
Q = X \ L, and Z any Banach space. Then H'^{Q, O^) vanishes for all 
1 <g<n-2. 

Proof. Assume as we may that A is the unit polydisc A = {z E : \zi\ < 
1 for alH = 1, . . . , n}. We use Laurent series expansions with respect to the 
Zi, i = 1, . . . ,n, and the Leray covering method of Frenkel's lemma as in 
[C, F, G, J5, P2]. Let X 3 X = {z,y) e x Y , = {x e X : \zi\ > 1} 
for i = 1,... ,n, Uf = {x e X : \f{y)\ > 1} for / G F, and it = {Ui, Uf : 
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i = 1, . . . ,n; f e F}. Then each U E iXis pseudoconvex open in X and is a 
product set of the form U = AiX . . .x x B, where C C for i = 1, . . . ,n, 
and B gY, and thus so is the intersection of any finitely many members of 
il, i.e., the covering il of O is a Leray covering for the sheaf over O by the 
vanishing theorem of Lempert [L2], hence H'^{fl,0^) = H'^{1X,0^) for aU 
q >1, and thus we only have to show that O^) = ior 1 < q < n — 2. 

If / G 0{V, Z) is a holomorphic function on an open set V G X of the 
form V — Ai X . . . X A^ x B, where Ai G C is an annulus for i — 1, . . . ,n, 
then / can be expanded in Laurent series with positive and negative Laurent 
projections P^f and P~ f given by 

oo 
— oo 

oo 

k=0 

-1 

A;= — oo 

for a; G y for any i = 1, . . . , n, and each coeflBcient fi^k £ C'(F) is a holo- 
morphic function at least on V. 

If z = 1, . . . , n, F = n^=o ^ ^1 equals Ui, then P~ f = 

since / = P^ f is an entire function with respect to Zi. If some Vj equals Ui, 
then P^^f is entire in Zi, and thus P+ f G 0{f]^^^Vj, Z). Looking, for i = 
1, . . . ,n, at the chain map / i-^ Qf = g, where / = (/vb---Vq) £ C'^{ii,0^), 
and g = (^v„...v,_i) G C«-^(il,C^) is defined by gvo...v,-i = fUiVo...Vg-i, 
it can be seen as in [G] that P~ f — f — SQf — Qdf, and so any cocycle / is 
cohomologous to the cocycle P~ f in -//"^(il, O^) for alH = 1, . . . , n. Hence 
/ and h = P^ . . . P~f are also cohomologous in H'^{il, O^). If hvo...Vq 7^ 
0, then each of Ui, . . . ,Un must appear among Vq, . . . , Vq. In particular, 
n < q + 1. Thus h vanishes for 1 < g < n — 2, and so do H'^{ii, O^) and 
i?^(ri, O^), completing the proof of Proposition 6.2. 

Note that the Hahn-Banach theorem tells us that any closed convex set 
K G Y can be represented in the form required in Proposition 6.2 with 
F G where f{y) = e'^f^y\ and r// G Y* is a continuous linear functional 

for all / G F. In particular, K can be any closed ball in Y . 

Proposition 6.3. (a) Let X he a paracompact Hausdorjf space, S ^ X a 
sheaf of Abelian groups, u G X open, L G X closed with L G u. If the 
sheaf cohomology groups H'^{X, S) and H'^{u), S) vanish for all q > 1, then 
the groups H'^{u> \ L, S) and H'^{X \ L, S) are isomorphic for all q> 1. 
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(b) If X,Z,L are as in Proposition 6.2, u (Z X pseudoconvex open with 
L (Z CO, then H^{uj \ L, O^) vanishes for all 1 < q < n — 2. 

Proof. Part (a) follows directly from the Mayer- Vietoris long exact se- 
quence 

^ H^{X, S) ^ H^{uj, S) © H^{X \L,S)^ H^{u; \L,S)^ 
{X, S) {u, S) ®H\X\ L, S) -^H\uj\ L, S) 

m{X, S) H'^iu, S) ®H'^{X\ L, S) H%uj \L,S)^ 

of sheaf cohomology applied to the sheaf S and the couple oj and X\L that 
forms an open covering of X, while (b) follows immediately from (a) and 
Proposition 6.2, completing the proof of Proposition 6.3. 

Using Proposition 6.3(b) one can also formulate a theorem analogous to 
Theorem 6.1 that states that certain smooth 5-equations on a pseudoconvex 
open set can be solved if the given form is real analytic in a suitable inner 
collar of the boundary of the domain. 

Proof of Theorem 6.1. Fix q > I and choose n > 3 with q < n — 2, 

a decomposition X = C"^ x y of Banach spaces, and a compact polydisc 
A C C"^ and a closed bounded ball K G Y so that our form / is real analytic 
on fl = X \ L, where L = A x K. Choose a compact polydisc A' C C"' 
that contains A in its interior, and a closed bounded ball K' G Y that 
contains K in its interior, and let L' = A' x K', and = X \ L' . As 
H'i{Q,0^) = by Proposition 6.2 we see by the real analytic Dolbeault 
isomorphism Theorem 2.2(c) that iy|'^(f2, Z) = 0, so there is a real analytic 

(p, g)-form v G Ap^qi^l., Z) with dv — f on. Q. Let x ^ C°°{X) be a smooth 
cutoff function that equals 1 on a neighborhood of the closure of O' and 
on a neighborhood of L. Look aX g = f — d{xv) G C^g(X, Z). Then g is 
9-closed on X and g = on fl' . The theorem of Ehrenpreis and Ligocka 
yields awe C^q_i(X, Z) with du = g, hence / = d{u + xv) is ^-exact on 
X as claimed. 

Note that in the Ehrenpreis-Ligocka theorem we do not need g to be C°°- 
smooth but, say, C^-smooth, and hence in the proof above we do not need 
the cutoff function x to be C°°-smooth, but, say, C^-smooth; hence X could 
he X = £p, 2 < p < oo in Theorem 6.1. 

7. REMARKS ON REAL ANALYTIC BANACH MANIFOLDS. 

In this section we make some geometrical remarks on real analytic Banach 
manifolds. 



14 



Theorem 7.1. Let X be a real Banach space with an unconditional basis, 

Q G X open, and M G fl a closed split real analytic Banach submanifold 
of O. Then M is bi-real analytic to a closed split real analytic Banach 
submanifold N of a Banach space Y with an unconditional basis. Moreover, 
if X is a separable Lp-space, 1 < p < oo, then Y can also be taken to be a 
separable Lp-space for the same p. 

Proof. Let Q' C X' be a complexification of O C X as in Theorem 2.2(b). 
An application of Zerhusen's embedding theorem [Zn] to fl' C X' completes 
the proof of Theorem 7.1. 

We next show that covering spaces of embeddable real analytic Banach 
manifolds arc embeddable real analytic Banach manifolds. 

Theorem 7.2. Let X,Q,M be as in Theorem 7.1, and M M a covering 
space of M with countably many sheets. Then M is bi-real analytic to a 
closed split real analytic Banach submanifold of a Banach space with an 
unconditional basis. 

Proof. We follow Lempert's application of the holomorphic version of 
Theorem 1.1(d) to holomorphic covering spaces in [L4, Thm. 3.7]. Let N G N 
be such that the bundle M ^ M admits trivializations with cocycle {guv) ^ 
Z-'^(il, Aut(A'")), where il is an open covering of M, and Aut(A'") is the group 
of all permutations of the discrete set N. Let £2 be the Hilbert space with 
orthonormal basis e„, n G N, and for any p G Aut(A^) define the permutation 
operator p G GL(£2) by pe^ = Cp^n) for n E N and pen = for n G N \ A'". 
Clearly, p is an isometry of £2- Look at the 'flat' real analytic Hilbert vector 
bundle E defined by the real analytic cocycle {guv) G Z^{^, A'^^^^^^), which 
is just the permutation representation of the original cocycle {guv)- There 
is a real analytic embedding i : M ^ E into the total space E of this real 
analytic Hilbert vector bundle. As there is a real analytic isomorphism j : 
E ^ M X £2 hj Theorem 1.1(d), and as j{i{M)) is a closed split real analytic 
Banach submanifold of M x £2 (as it is easily seen in local trivializations), an 
application of Theorem 7.1 to M x ^2 completes the proof of Theorem 7.2. 

Theorem 7.3. Let K be a real analytic compact manifold, and M, O, X as 
in Theorem 7.1. Then any continuous map f : K ^ M is homotopic to a 
real analytic map g : K ^ M. 

Proof. Let r : u; ^ M be a real analytic retraction as in Theorem 1.1(a) of 
an open set uj with M G uj G fl G X . The Malgrange approximation theorem 
or Grauert's real analytic embedding of K into as K' C for n > 1 
high enough followed by an application of the Weierstrass approximation 
theorem for polynomials K' ^ X gives us a real analytic g' : K ^ X such 
that the linear homotopy (1 — t)f{x) + tg'{x) takes its values in uj for all 
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X e K and t e [0, 1]. Thus the homotopy h : K x [0,1] ^ M defined by 
h{x,t) = r((l — t)f{x) + tg'{x)) makes sense and completes the proof of 
Theorem 7.3 on letting g{x) = h{x, 1) = r{g'{x)) for x & K. 

In particular, the homotopy classes of spheroids in the homotopy groups 
7rn(M), n > 1, can be represented by real analytic maps. 

In conclusion we remark that the method of complexification as treated 
in this paper can be used to obtain further information about real analytic 
Banach manifolds, and real analytic functions and sections over them, e.g., 
in the manner of [DPV]. 
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